We discuss the ordering of a spin-1 condensate when quenched from its paramagnetic phase to its ferromagnetic phase by reducing magnetic field. We first elucidate the nature of the equilibrium quantum phase transition. Quenching rapidly through this transition reveals XY ordering either at a specific wavevector, or the 'light-cone' correlations familiar from relativistic theories, depending on the endpoint of the quench. For a quench proceeding at a finite rate the ordering scale is governed by the Kibble-Zurek mechanism. The creation of vortices through growth of the magnetization fluctuations is also discussed. The long time dynamics again depends on the endpoint, conserving the order parameter in zero field, but not at finite field, with differing exponents for the coarsening of magnetic order. The results are discussed in the light of a recent experiment by Sadler et al. How does a many-particle system undergo condensation into an ordered state? This question is central to a number of disparate areas of physics, from condensed matter to cosmology [1, 2] . Often we are interested in the processes determining the formation of ordered domains and topological defects. The usual approach is to study the coupled dynamics of the collective (or hydrodynamic) degrees of freedom, including the order parameter and any conserved quantities. Thus the dynamics is highly constrained by the presence or absence of conservation laws, with dramatic differences in the resulting time evolution of correlations. Such considerations will be important when we quench into an ordered state at zero temperature through a quantum phase transition [3, 4] .
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Such a possibility was explored in a recent experiment that studied ferromagnetic ordering in a Bose-Einstein condensate of 87 Rb atoms following a sudden reduction in magnetic field [5] . Cold atomic gases represent an exciting new prospect for the investigation of such quantum quenches. As we will show, they represent a far closer analog of relativistic theories than the condensed matter systems suggested for 'laboratory cosmology' by Zurek and reviewed in Ref. [6] Earlier, mostly numerical work [7, 8, 9, 10, 11] has focused on treating the creation of spin domains in condensates as a property of a classical dynamical system. Our goal in this Letter, on the other hand, is to first explain the character of the equilibrium quantum phase transition, and then to discuss the associated dynamics as a problem of phase ordering. In particular, this will lead us to carefully distinguish different quenches in terms of the conservation laws obeyed, and the resulting dynamics of topological defects (vortices in the magnetization). These are features not present in the model systems discussed in Refs. [3, 4] , for instance, and their treatment requires the introduction of some novel theoretical ideas that should be of broad applicability.
The existence of an ordering transition in the ferro- magnetic spin-1 Bose gas is readily understood on the basis of a variational Gross-Pitaevskii calculation [12] . The second-quantized Hamiltonian is [13, 14] 
The index m = −1, 0, 1 gives the z-component of total spin of the corresponding state, and we have set and the atomic mass to unity. F i mn are the spin-1 matrices for i = x, y, z. E Z m is the Zeeman energy of the mcomponent, defined below. For a ferromagnetic system the spin interaction parameter c 2 is negative. We implement the Gross-Pitaevskii approximation by treating the φ m as c-numbers ϕ m and writing ϕ m = √ nχ m in terms of a normalized spinorχ m . The energy per particle is
The last two terms originate from the linear and quadratic Zeeman energies, the general case for spin-1:
In fact the coefficient p in the energy is the sum of the linear Zeeman term and a Lagrange multiplier enforcing conservation of F z . We should minimize Eq. (2) and then use the true value of the magnetization F z to fix p. Thus with zero total magnetization we will have p = 0. In this case it is straightforward to see that for q > q 0 ≡ 2|c 2 |n the spinor stateχ † = (0, 1, 0) minimizes the energy, while for q < q 0 the ±1 states become populated, leading to a transverse magnetization density
showing that f ⊥ is nonzero between the lines |p| = q and |p| = q(q − q 0 ) (see Fig. 1 ). Thus the mean-field calculation predicts a symmetry-breaking quantum phase transition. For p = 0, there is also a perpendicular magnetization in this region
and the ordered phase is a canted XY ferromagnet [16] , while the f ⊥ = 0 phase is an XY paramagnet (finite transverse susceptibility). We now ask in more detail what kind of quantum phase transition we are dealing with. This is more than a formal question, as the dynamics of the order parameter at the transition will be crucial in determining the behavior following a quench. We start by considering the Bogoliubov theory of the paramagnetic phase. Shifting the fields φ m in Eq. (1) by ϕ † = (0, √ n, 0) we find that in the quadratic part of the Hamiltonian the φ ±1 states decouple from the φ 0 state to give
(ε k ≡ k 2 /2) This is readily diagonalized by Bogoliubov transformation to yield (except for a constant)
where E s,± (k) = E s (k)∓p, with the spin wave dispersion E 2 s (k) = (ε k + q) (ε k + q + 2c 2 n). One of these dispersions passes through zero when |p| = p c ≡ q(q − q 0 ), the same instability of the paramagnetic phase that we found before. Except at p = 0 the transition to the ordered state proceeds by filling of either the 'particle' or 'hole' band in Eq. (5), and involves a change in F z . Since this is conserved, it is impossible to cross this transition without contact to a reservoir of magnetization (unless T = 0). When p = 0, on the other hand, the transition occurs through closing of the bandgap and the longitudinal magnetization remains zero.
To make a connection to the general theory of quantum phase transitions, we rewrite the Hamiltonian Eq. (5) using the (complex) canonical coordinates and conjugate momenta
In this way we get (dropping the momentum sum)
Eq. (6) is recognized as the Hamiltonian of a twodimensional particle in a uniform perpendicular magnetic field and harmonic oscillator potential. How do we interpret the field z? The Fourier modes of the transverse magnetization density f ⊥ (r) may be written in terms of z k as
where the dotted lines denote terms higher order in the quasiparticle operators. At low k the two are simply proportional, as one would hope. Below the transition, the higher order terms dropped from the Hamiltonian Eq. (4) are required to saturate the growth of f ⊥ (r). Close enough to the transition a quartic term is sufficient. Obtaining this term within the Bogoliubov theory is slightly subtle as it involves the partial cancellation of the 'direct' quartic interaction neglected in Eq. (4) against the interaction induced by phonons [17] . The most relevant term may be found more simply, aside from a small renormalization, from the observation that it is responsible for the square root singularity in Eq. (3) in the mean-field approximation.
We write the final result as an effective action valid near the transition, and for length scales ≫ q −1/2 [27] .
To obtain the quadratic part of Eq. (7) from Eq. (6) we have approximated the spectrum as
The precise form of the anharmonic terms in Eq. (7) will not be important in the following development. S eff is identical to the effective theory describing the superfluid-insulator transition in the Bose-Hubbard model. As in that problem, the point p = 0 is identified as a special point where the transition, instead of being of the bose condensation type, lies in the universality class of the (d + 1)-dimensional XY model [18] . It is relevant to ask whether the deviations from mean field critical behavior implied by this identification will be seen in experiment. For a two-dimensional condensate a standard calculation gives the Ginzburg criterion for the breakdown of mean field behavior [17] 
1 where L ⊥ is the transverse dimension. Since for the system in Ref. [5] the prefactor is of order 10 −4 , the mean field theory is an excellent approximation.
With this mind, we now proceed to describe the evolution of a system that is quenched suddenly through the transition at p = 0 from an initial value q i > q 0 for t < 0 to q f < q 0 at t > 0, as in Ref. [5] . There is a band of unstable modes with E 2 s (k, q f ) < 0, the occupancy of which begins to grow exponentially, as they are populated with pairs of atoms scattering from the m = 0 state. The quadratic Hamiltonian Eq. (5) describes this process adequately until the populations are such that the anharmonic interactions between the modes -such as the last term of Eq. 7 -become important. Writing the Hamiltonian for t > 0 in terms of the fields z k defined at q = q i , and with ω
, we find the solution of the Heisenberg equations of motion
The calculation of the correlation function of the transverse magnetization is then staightforward
revealing the exponential growth of the magnetization. The initial fluctuations of the oscillator modes are [28] z †
These general formulae are valid for any instantaneous quench [29] . In the following we will make the simplification of taking q i ≫ q 0 (shot noise limit) , which gives
Now we wish to focus on two particular values of q f to illustrate the different possible classes of behavior. If q f = 0 the spectrum of unstable modes is ω 2 k = ε k (q 0 − ε k ), which has a maximum at k = √ q 0 . The correlation function is therefore dominated by the fluctuations on this scale that grow at a rate q 0 . Taking into account only the unstable modes, we find for the asymptotic behavior of the real space correlations , as observed in Ref. [5] . Note that the vanishing of the mode growth rate at zero wavevector is a consequence of the conservation of all three spin components in zero field.
Very different behavior results if q f is only just below q 0 , so that p c /c 
valid when the exponent is large. The correlation function Eq. (9) displays a striking growth of correlations along a 'light cone' originating at a point halfway between r and r ′ and propagating at the spin wave velocity c s . This is a familiar feature of spinodal instabilities in relativistic theories [19] . The crossover between these two types of behavior occurs at the value q f = q 0 /2, where the maximum in the spectrum of unstable modes k max ≡ √ q 0 − 2q goes to zero. Next we discuss what happens if the quench is not instantaneous, but rather crosses the transition in some finite time. For concreteness we take q(t) = q 0 (1 − t/τ Q ), where τ Q measures the duration of the quench, and the transition is crossed at t = 0. The result may be obtained exactly in terms of Airy functions, but the following integral representation is more useful 
